INTRODUCTION
In recent years the double-barrier stacked structure in which two Josephson junctions have in common the middle electrode has received much attention. This structure is regarded as the basic block of some layered high-T c superconducting materials ͑Bi-Sr-Ca-Cu-O family͒, so stimulating a strong theoretical interest. However, for the variety of new physical phenomena exhibited by the double-barrier stack, it is also regarded as an interesting device with potential application in superconducting electronics, principally as a threeterminal device. In fact, in the three-terminal configuration the device is shown to support a variety of flux motion synchronization phenomena, useful to the improvement of the existing fluxon oscillators. Moreover, the nonequilibrium phenomena that can occur in the structure might also be considered for applications. For example, by polarizing one of the two junctions of the stack ͑generator junction͒ at a voltage larger than the gap sum voltage we can inject quasiparticles in the intermediate ͑common͒ electrode, causing a quasiparticle excess in the same electrode. Some of these excess quasiparticles can tunnel the barrier of the second junction ͑detector junction͒ with a modification of the quasiparticle curve ͑rise of the subgap current and depression of the gap voltage͒. Such a behavior could be attractive for the implementation of a transistorlike device. So far, there are some open questions concerning the dominant mechanism of interlayer coupling in this system. Nonequilibrium injection of quasiparticles and suppression of the order parameter might play an important role in the case of a very thin middle electrode ͑thinner than the coherence length ), very high Josephson current density, and very small junctions. The inductive ͑or magnetic͒ coupling, which is due to the screening currents in the common electrode when its thickness is about equal or smaller than the London penetration depth L , is regarded as the dominant one, especially when the physical dimensions of the junctions are larger than the Josephson penetration length J . In fact such a coupling, which has been elegantly formalized in a model 1 for the multilayered structures, accounts for many dynamical phenomena in long stacked junctions, including synchronization of fluxon motion. If we remain in the limit of the inductive coupling, we expect that for a full description of a three-terminal device we have to take care of the geometrical factors, i.e., we must include in a realistic model the effects due to the boundary conditions that add up to the bulk magnetic interaction. In other words, due the magnetic nature of the coupling, the self-fields generated by the currents feeding the device must be taken into account.
The above considerations concerning the dominant mechanism for the interaction are suggested by the experimental evidence that the maximum supercurrent in one junction of the stack depends on the value of the bias current and of the voltage across the other junction. In this paper we report on the measurements of the maximum supercurrent in three terminal devices consisting of two long stacked Josephson junctions with a double overlap geometry. We also describe a theoretical procedure to include the geometrical effects in three terminal devices and compare the experimental data with the prediction of the model. The paper is organized as follows. In Sec. I we present the general two-dimensional inductive model for a two junction stack and its application to the special case of the double overlap geometry. In the one-dimensional approximation for this geometry we show how the self-fields generated by the bias currents translate into the model of coupled sine-Gordon equations. The realistic situation of nonuniform self-fields is considered as well as the classic uniform approximation. In Sec. II we present experimental results demonstrating static interactions between junctions in the stack. We discuss the possible mechanisms that could be causing the observed interactions and we show that the dominant one is the nonuniform current distribution of the bias currents. Experimental results are then compared with the numerical results of the proposed model.
I. TWO-DIMENSIONAL INDUCTIVE MODEL FOR A TWO JUNCTION STACK
We are considering the stack configuration and orientation shown in Fig. 1 ; the bottom and the top junctions will be named, respectively, A and B. For the sake of simplicity we shall assume that the external electrodes are much thicker than the London penetration depth L ; this assumption, of course, does not apply to the middle electrode. Moreover, we are also assuming ͑but this assumption can be easily relieved͒ that the two junctions are identical. The basic steps of this derivation closely follow the classical approach for single junctions ͑see, e.g., Ref. 2͒. We start from the Ginzburg-Landau equation
that we shall integrate along the path shown in the figure. We first focus the attention on the junction defined by the electrodes 2 and 1 in the figure. Integrating Eq. ͑1͒ along the path C A2 in the middle electrode to the barrier we obtain
Integrating Eq. ͑1͒ along the path C A1 in the bottom electrode we have, instead,
as we may choose the side of the path parallel to the x axis to make negligible J x . Adding these two equations and defining ϵ 2 Ϫ 1 we get
where the barrier thickness has been neglected. The last equation can be rewritten as
where ⌽ A (H y ) is the flux of the y component of the magnetic field threading the integration path for junction A.
Following the same procedure, we will get an analogous equation for the other junction:
Dividing the last two equations by dx we may write
For a generic orientation of the magnetic field in the plane of junctions, we have to take into account the x component of the field. Applying the same procedure to a path in the z-y plane and taking care of the fact that the sign of the integration path is determined by sign of H x , we find similar equations, but with opposite sign:
To evaluate terms in Eqs. ͑2͒ and ͑3͒ we need an expression for H(z) and for J(z). An expression for the field H(z)ϭ͓H x (z),H y (z),0͔ can be obtained from London equation
with the proper boundary conditions ͑b.c.͒. If H 1 and H 2 are the magnetic fields in the junction barriers, the solutions of Eq. ͑4͒ will decrease exponentially in electrodes 1 and 3, while in the middle electrode we get
From this equation we may now also calculate the screening current J x (0) in the middle electrode ͑for the other electrodes we already know that it will be exponentially decreasing as we move from the internal surface to the outside͒. From Maxwell equation
we obtain
From this, we may write our fundamental equations ͑2͒ and ͑3͒ as FIG. 1. Sketch of the stack geometry.
where we have defined
, dЈϭtϩ2 L , as we should expect in the limit of noninteracting junctions. In a more compact form, the obtained phase-field relations are
We have now to combine the Maxwell equations with the Josephson relations. The z component of Eq. ͑5͒ in the two barriers is written as
where
Substituting into Eqs. ͑9͒, taking into account Eqs. ͑8͒, we obtain the two equations
were we have introduced the Swihart velocity c ϭcͱ t
the Josephson penetration depth
and the ͑dimensional͒ loss parameter
So far no direct reference to the geometry of the stack has been necessary. Geometric considerations enter, of course, through the boundary conditions. The appropriate b.c. ͑Neu-mann type͒ require specification of normals components of ٌ and ٌ at the junctions boundary C 1 and C 2 . By Eqs. ͑8͒ we have
where n 1 and n 2 are the unit normal vector of contours C 1 and C 2 , respectively. In the special case of rectangular geometry (0рxрL; 0рyрW) these b.c. became
where the fields include both self-fields ͑generated by the bias currents͒ and externally applied fields.
A. One-dimensional approximation for the double overlap geometry
We will consider the special case of the one-dimensional approximation for the double overlap geometry ͑see Fig. 2͒ , that has been extensively investigated experimentally and has demonstrated very rich dynamics, also without applied magnetic field. 3, 4 In this geometry the two junctions can be biased independently. To make our approximation to the one-dimensional case we will proceed as for the single junc-tion. Since WӶ j we expect the phases and fields to depend very weakly ͑the phases at most quadratically 5 and the field at most linearly͒ on y. To the first order in W, integrating Eqs. ͑10͒ along y, between yϭ0 and yϭW, and using Eqs. ͑15͒ we have
As the bias currents flow in the y direction ͑see Fig. 2͒ , the magnetic field in this same direction will be negligible, so for this geometry self-fields do not enter in the boundary conditions of the one-dimensional approximation. Evaluation of bias-dependent terms ⌫ A and ⌫ B depends on the assumptions made for the currents distributions into the electrodes. Here we will consider the classical assumption of uniform current distribution and the case of nonuniform current distribution.
Uniform current distribution
If the bias current distribution into the elecrodes is assumed uniform, then the fields of interest are
From Eqs. ͑17͒ we have
Inserting the last two equations in Eqs. ͑17͒, normalizing the lengths with respect to j and the time to the inverse of j ϭc / j , we finally find
with lϭL/ J and ␣ϭ(1/R)ͱប/(2eCJ 0 ). The term in the boundary conditions accounts for an external magnetic field ͑e.g., given by a coil͒ parallel to the y direction, normalized with respect to j (1Ϫ 2 )(4/c)J 0 .
Nonuniform current distribution
It is well known 6, 7 that the current distribution in a long and thin strip is highly nonuniform across its width L. In the past, this fact has been considered for explanation [8] [9] [10] of deviation from ideal behavior of the single overlap junctions. In fact, these junctions consist of an interruption by an oxide layer of a long superconducting strip and, according to the shortening principle, 11 the real current distribution is as the current distribution in the strip.
When the film thickness d is comparable with the penetration depth L and the width L is much greater than L , so that Ldӷ L 2 , a good approximation for the linear current density in an isolated long strip is: 6, 7, 12, 13 J͑x ͒ϭ
͑21͒
Near the edges of the strip the distribution ͑21͒ has an exponential correction that, extending over a length approximately equal to L , prevents from singularities at xϭ0 and xϭL and sets a relation between the current density at the edges and that at the center
where a is a constant near unity. In our geometry ͑see Fig. 2͒ the distribution Eq. ͑21͒ is appropriate for the middle electrode. For the outer electrodes we also expect a nonuniform current distribution, but much less drastic. For the current component whose magnitude is the same in both electrodes but whose flow ͑relative to the y direction͒ is opposite, we can expect a current distribution almost uniform because the separation between them is very small ͑typically of order of dϷ L ). From the geometrical symmetry, it may also be assumed that the current coming from the middle electrode is divided equally into the two outer electrodes. This gives rise to a current component in the outer electrodes having the same magnitude and polarity. When we express I A and ϪI B as I A ϭ(I A ϩI B )/2ϩ(I A ϪI B )/2 and ϪI B ϭϪ(I A ϩI B )/2ϩ(I A ϪI B )/2, their first and second terms correspond to the opposite and equal polarity components, respectively. For the calculation in H 1x (W) and H 2x (W), the contributions from the second terms in the two equations are canceled when summed. For what concern the first terms, we can assume a uniform current distribution as described above. By these considerations the fields of interest are
that we can insert in Eqs. ͑17͒ to have
where ␥ A ϭI A /J 0 WL, ␥ B ϭI B /J 0 WL. From this, by using Eqs. ͑16͒ and normalizing as in the uniform current case, we finally find
xx Ϫ tt ϭsin͑ ͒ϩ␣ t ϩ xx Ϫ B ͑x͒, ͑25b͒
and the other symbols have the same meaning of the uniform current model. The above equations could also be derived using the approach of Ref. 1 . Note that here we have maximum nonuniformity for equal and opposite physical bias currents (I A ϭϪI B ). Perfect uniformity is obtained for equal bias currents (I A ϭI B ), but we remark that this is a result of the assumption of uniform current distribution made for the outer electrodes. How good it is this approximation can be established only by comparison with the experimental results, that we will present in the next section. Figure 3 shows a sketch of distribution of the normalized current densities A (x) and B (x) for the cases I A ϭϪI B and I A ϭI B . For other cases the current distribution is somewhere in between Figs. 3͑a͒ and 3͑b͒. A particular interesting case is that for which only one junction is biased, e.g., I B ϭ0. In this case ͓Fig. 3͑c͔͒, there is a nonzero current distribution in junction B, such that current flows in two opposite directions. However, net current flow through junction B is, consistently, zero, as can be easily checked calculating ͐ 0 l B (x) from Eq. ͑26͒ for ␥ B ϭ0. From the understanding of the behavior of two junction stacks with the geometry of Fig. 2 , it is easy to generalize to more junctions with different variations of the geometry of Fig. 2. 
FIG. 3. The current distributions A and B , calculated from
Eqs. ͑26͒ for a junction of length lϭ10, are plotted assuming ͉␥ A,B ͉ϭ1 ͑singularities at the edges have been eliminated͒. ͑a͒ The nonuniformity is the largest, the two distributions mirror each other; for sake of comparison, the uniform distribution ͉ A,B ϭ1͉ is also plotted. ͑b͒ The currents in the two juctions are equal and uniform. ͑c͒ The nonuniform current in A ͑continuous line͒ induces a nonuniform current in B ͑dashed line͒; the net current in B, however, is null.
II. EXPERIMENTAL RESULTS

A. The samples
We have fabricated and tested Nb/AlO x /Nb/AlO x /Nb stacks with electrodes patterned in the double overlap geometry shown in Fig. 2 . In all of tested samples the intermediate electrode was thinner than the London penetration depth L while the external electrodes were quite larger than L . Due to the fabrication process, L in our Nb films is rather large, about 100 nm. The physical dimensions of the junctions in the stacks were LϫWϭ(600ϫ20) m 2 and a typical Josephson penetration depth J was greater than 40 m, so that we have long and narrow junctions. In the two representative samples on which we report here, the magnetic coupling constant was ϭϪ0.56 and ϭϪ0.89, respectively. These values are calculated by Eq. ͑7͒ and agree with those extimated by the procedure based on the splitting of voltage spacing of Fiske steps.
14 In the stack with ϭ Ϫ0.56 the two junctions have very similar critical current densities ͑evaluated by the current rise in the I-V characteristic at the gap sum voltage͒ J A ϭ76 A/cm 2 , J B ϭ80 A/cm 2 , and normalized length l A Ϸl B ϭ13. In the other stack (ϭϪ0.89) the critical current densities are slightly different, J A ϭ66 A/cm 2 , J B ϭ60 A/cm 2 , and the normalized lengths are l A ϳl B ϭ10.
B. Measurements
The experiments were performed at 4.2 K with a cryoperm shielded sample holder and in zero applied magnetic field. We carefully avoided trapped flux and checked that there was no crosstalk between the biasing circuits.
The measurements concern how the stability of the zero voltage state of one junction is influenced by the state of the other junction in the same stack. In other words we have measured the critical current of one junction as a function of the bias current in the other junction, in both possible voltage configurations for the second junction: zero voltage state or McCumber state. Typical experimental results are summarized in Fig. 4 . Figure 4͑a͒ shows the stability boundary of the zero voltage state in the stack, i.e., in the region between the two curves in the plane I cA ϪI cB is V A ϭV B ϭ0. To obtain this stability boundary we start with both junctions in the zero voltage state, then we fix the bias of one junction and we change the current in the other junction until it switches to a resistive state. Equivalently, we can start with both junctions in the zero voltage state ͑at I A ϭI B ϭ0) and then change both bias currents simultaneously until one junction undergoes a transition to the dynamical state. In Fig. 4͑b͒ we show the dependence of the positive and negative critical current of junction A as a function of the current in junction B biased on the McCumber curve. Similar results are obtained inverting the role of the junctions. We notice absence of experimental points around I B ϭ0. This is because for small values of current in junction B we are in the instability region of the McCumber curve. Finally, we note that in the range of currents in B where a comparison is possible, the critical current in junction A depends on the voltage state of the junction B, as shown in an expanded scale in Fig. 4͑c͒ .
The results shown in Fig. 4 are obtained without a ground plane. Stability boundaries of the zero voltage state in the same stack with and without a ground plane are compared in Fig. 5͑a͒ . From this figure is evident that the influence of a ground plane is relevant only in the region around the line I A ϭϪI B . We remark that the ground plane was spaced about 1mm, the thickness of the substrate, from the stack, so its function was quite weak.
Nevertheless, Fig. 5͑a͒ suggests that some nonuniformity in current distribution is working, especially when I A Ϸ ϪI B . Nonuniformity should create some appreciable second spatial derivative of the phases and consequently an increasing of ͑static͒ interaction between junctions for increasing inductive coupling constant . In Fig. 5͑b͒ is shown the stability range of the zero voltage state for stacks with two different . To allow comparison, in this plot we have normalized, in each of the stacks, the currents to the value of the critical current of junction A for junction B unbiased. Besides the deformation of the stability range, due to the difference between critical currents of the junctions in the stack with ϭϪ0.89, we note that increasing of the inductive coupling effectively reduces the stability range ͑i.e., increases static interaction between junctions͒, again principally around I A ϭϪI B . 
C. Discussion
In the uniform model Eqs. ͑20͒ interaction between the junctions takes place only when xx or xx are different from zero. If, as in our experiments, we have not trapped flux in the films, we have not applied magnetic field and we are not in some solitonic zero-field step ͑ZFS͒ regime, xx and xx should be zero and consequently the boundary of stability in Fig. 4͑a͒ should be a square and the dependence in Fig. 4͑b͒ a constant. So, the uniform model Eqs. ͑20͒ cannot explain our experimental results.
Below we consider several possible mechanisms that may modify the predictions of the uniform junction model. The interaction in the zero voltage state looks similar to earlier experimental observations 15 in closely coupled microbridges that was explained in terms of current-induced orderparameter depression in the region between the bridges. 15, 16 Nevertheless, in Ref. 15 the current in a weak link was always depressing the critical current in the other, while in our results the depression is obtained only for opposed currents, in agreement with results of Ref. 17 that were explained with a Cooper pair coupling between the outer electrodes of the two weak links. 17, 18 Both the quoted experimental results were obtained near the critical temperature of the superconductors, to have a coherence length quite larger than the spacing between weak links. This is not the case for most of our stacks in which we observe interaction. However, we notice that our stacks are double-barrier tunnel devices, qualitatively different from the coupled microbridges where the above-mentioned interaction was investigated. In our case, the Cooper pair tunneling between outer electrodes ͑if any͒ should be of the order of the single electron resonant tunneling 19 between the same electrodes. Such a tunneling should be appreciable in the limit of extremely thin ͑i.e., few nanometers͒ intermediate electrode. Due to the macroscopic thickness of our intermediate electrodes, we can rule out the presence of such a coupling in our experimental results. Also, we notice that induced gap suppression is too small, lower than 2% for typical used current values, to account for the observed large variations of critical currents. This, together with the too small quasiparticle curve modification, also weakens the hypotheses that some nonequilibrium process of quasiparticle injection is causing the results of Fig. 4 .
The results of Fig. 5 suggest that we should look for the predominant mechanism in some spatial nonuniformity. The results in Fig. 5͑a͒ rule out the possibility of a spatially dependent critical current density. In fact, such a critical current density should be caused by a shaped barrier thickness, that should not depend on a ground plane action. Absence of defects or pinning centers in the barriers has been demonstated by dedicated measurements ͑diffraction patterns in magnetic field͒ performed on single junctions fabricated with the same fabrication process as the stacks. Finally, we have carefully avoided misalignments of the electrodes forming the junctions in the stack to reduce in-line current components.
From all this, we conclude that the most effective mechanism is the nonuniformity and this nonuniformity is due to the bias currents. So we will describe our experimental results with the model Eqs. ͑25͒.
D. Numerical simulations
We have integrated the model Eqs. ͑25͒ without applied magnetic field:
xx Ϫ tt ϭsin͑ ͒ϩ␣ t ϩ xx Ϫ B ͑x͒, ͑27b͒
To remove singularities at edges in the forcing terms A (x) and B (x), we have used the relation Eq. ͑22͒. Another possibility is to choose values at the edges such that the physical relation ͑charge conservation͒
is numerically satisfied, as it is analytically. Numerically, we have found no significant differences between these two methods.
The values of the parameters in the simulation are chosen equal to the experimental ones, so that a direct comparison can be made. Experimental and numerical results for ϭ Ϫ0.56 are shown in Fig. 6 . Globally, we found the agree- FIG. 5 . ͑a͒ Stability boundary of the zero voltage state without a ground plane ͑open circles͒ and its modification caused by a remote ground plane ͑solid circles͒. ͑b͒ Range of existence of the zero voltage state in a stack with ϭϪ0.56 ͑crosses͒ and in a stack with ϭϪ0.89 ͑open squares͒. In both curves, the currents are normalized to I cA (I B ϭ0). ment quite satisfactory. In Fig. 6͑b͒ a significant deviation is evident for ͉␥ B ͉Ͼ1.3 where mechanisms other than nonuniform current distribution, possibly quasiparticle injection, play a role. A small deviation is evident in Fig. 6͑a͒ , around the line ␥ A ϭ␥ B where the experimental points seem not to point to the values ␥ cA ϭ␥ cB ϭϮ1. This means, by considerations of the previous section, that bias current distribution in the outer electrodes is not perfectly uniform. Nevertheless, we found that the deviation is small enough to exempt us from a further correction to the model.
In Fig. 7 , numerical and experimental results are compared for the stack with ϭϪ0.89. In the simulations, the relatively small difference between critical current densities of the junctions has been accounted for introducing only one parameter in the model. In fact, if the difference is not so large, we can account for it by introducing only the ratio j ϭJ B /J A to multiply the sin() term in Eqs. ͑27͒. The result in Fig. 7 , obtained with jϭ0.85, shows that this is enough to reproduce quite well the deformation of the stability boundary of the zero voltage state observed when the critical currents are different.
In Fig. 8 we show the spatial phase distribution for some selected states of the stack. In Fig. 8͑a͒ , the phase of junctions A and B are recorded just before and just after junction A undergoes the transition to the dynamical state, while junction B is unbiased. Here we can note that the transition of junction A is caused by the formation of a fluxon and an antifluxon at the opposite edges of the junction, and that the phase of the unbiased junction is spatially modulated mirroring ͑because of the inductive coupling͒ the phase of the biased junction. In Figs. 8͑b͒ and 8͑c͒ is shown the phase distribution of junction A ͑in the zero voltage state͒, while B is biased at V B ϭ0 or V B 0, in two configurations of relative current polarities. Here, beside the different degree of nonuniformity caused by the term A (x), we can notice the small modulation induced on the phase distribution when V B 0. This modulation is observed also in the phase distribution of junction B and results from possibile excitation of self-resonances in the I-V characteristic.
CONCLUSIONS
We have discussed the results obtained in the stationary state of stacked long Josephson junctions, but, obviously, the model can account for deviation from the ideal uniform model also in the dynamical state. However, because of the very slow dependence from the junction length, we expect that the interaction due to the bias currents should not be negligible in three-terminal devices with double overlap geometry also in the limit of small junctions. The geometry discussed here is a special one, but the results presented in this paper indicate that the geometrical factors should not be overlooked for a full description of the three-terminal devices.
